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1. Introduction

At the core of Quantum Field Theory (QFT) lies the representation theory of non-compact
Lie algebras. Their non-trivial unitary irreducible representations (UIR) are necessarily
infinite-dimensional, with energy bounded from either below or above, corresponding, in
the first-quantized language, to the presence of particles and anti-particles. In this paper,
we shall examine this feature in the §0(2, D — 1) Wess-Zumino-Witten (WZW) model with
subcritical level k = —(D — 3)/2, with particular focus on the case of D = 4.
Non-compact WZW models furnish a novel mathematical topic that remains relatively
uncharted in comparison with the compact case, essentially due to the above-mentioned



fact that infinite-dimensional UIRs arise already at the level of the finite-dimensional sub-
algebra. Previous investigations related to QFT in anti-de Sitter (AdS) spacetime have
considered cases with non-critical level k + hY < 0 [-f], critical level k + hY = 0 [f,
as well as subcritical levels k +h" > 0 [ff], where h" is the dual Coxeter number given by
hY =D —1 for s0(2,D —1).

The attempts of interpreting the critical case as a form of tensionless limit have been
problematic, technically, at the level of two-dimensional conformal field theory (CFT),
where the standard Sugawara construction breaks down. In this respect, the subcritical
cases are more tractable. Interestingly, already in [[i] it was found that in D = 4 the
subcritical &' = —5/2 Verma module built on the scalar singleton exhibits a large number of
singular vectors, signalling some form of symmetry enhancement (one might also speculate
about some form of duality between subcritical models with levels k and &’ obeying k+k' =
D —1). More recently, starting with the work in [f], attempts to formulate string theory
duals of N' = 4 Super-Yang-Mills theory have led to CFTs [J-[L1]] that are tantalizingly
close to our subcritical cases, although the precise relation remains to be seen. $0(2, D —1)
WZW models in four dimensions have also been considered in the literature and, for the
choice D = b, it has been proven that a dynamical sector that is Einstein’s general relativity
arises [[L2].

Our physical interest in the subcritical models with k¥ = —(D — 3)/2 (in the case of
purely bosonic models) stems from the fact that they exhibit compositeness, whereby phys-
ical particles, such as photons and gravitons, instead of being fundamental, are made up
from more elementary constituents, known as singletons. Drawing on the group theoreti-
cal underpinning of the AdS/CFT correspondence and the features of Vasiliev’s unfolded
approach to Higher-Spin Gauge Theory (HSGT) and QFT in general (for a recent re-
view, see [[[J] and references therein; for a recent development in the direction of M-theory
see [[4]), one arrives at the idea that the singletons are the basic constituents of String
Field Theory (SFT) and that this feature is manifest when SFT is expanded around tension-
less AdS backgrounds — while being blurred in expansions around tensionful backgrounds
including flat spacetime.

A key step in entertaining this partonic picture is to find a connection between the
standard background-dependent quantization of strings and a covariant formulation that
combines phase-space quantization of discretized tensionless strings with unfolded dynam-
ics. Roughly speaking, the worldsheet correlators — which are normally expanded around
metric backgrounds with finite string tension in terms of cut-off field-theoretic Feynman
diagrams — should be given an expansion around a topological vacuum with zero tension,
resulting in algebraic structures making up the internal sector of unfolded SFT. In the
unfolded approach, the total manifold is a non-commutative fiber (the string phase space)
times a commutative base manifold (containing the actual physical spacetime), and the
unfolded field equation is the (non-linear) cohomology of the phase-space BRST operator
plus the exterior derivative. As it is the case already in HSGT, the projection to the base
then yields a Free Differential Algebra (FDA) constituting a quasi-topological QFT with in-
finitely many zero-forms. Here, spacetime, instead of being a slice of the non-commutative
phase space, reemerges, fully covariantly, upon fixing the manifest homotopy invariance of



the FDA.

Put somewhat differently, we have in mind a worldsheet duality between, on the one
hand, the standard BRST formulation based on the Virasoro algebra and sewing of surfaces,
and, on the other hand, a non-standard BRST formulation (yet to be spelled out in detail)
based on gauging subcritical affine algebras and sewing of string partons. As we shall
see in this paper, and which is of great conceptual interest, the subcritical affine algebras
incorporate the key features of the corresponding, already known, higher-spin enveloping
algebras, thus, seemingly, superseding the latter as the key algebraic structure underlying
unfolded SFT.

In a previous paper, [l5], two of the authors of the present paper have examined
ordinary bosonic branes in AdSp using four related models: i) the normal-coordinate
expansion around Nambu-Goto solitons describing rotating branes; i) conformal branes
close to the boundary of the AdS spacetime; iii) discretized tensionless branes on Dirac’s
hypercone; and iv) a topological non-compact gauged subcritical WZW model (closed
singleton strings) in D = 7. It was found that (i)-(7ii) realize the brane partons as scalar
singletons. The same was conjectured to hold also in the WZW model (iv), and, as already
announced, this seems indeed to be the case, as we shall demonstrate in this paper (see
section B)). Out of these models, we expect the WZW-model formulation to be the most
viable one, since it entails the incorporation of a “stringy” multi-parton spectrum — with
massless as well as massive representations — into the above-mentioned unfolded approach
to QFT. That is, as outlined above, the WZW model realizes an algebra of functions on
a phase space (given, roughly, by the direct sum over direct products of singleton phase
spaces) to be identified as the fiber of an unfolded formulation of SFT, in which all gauge
symmetries (on the base manifold), including higher-spin symmetries, are unbroken.

The affine realization of the singletons and its composites in the case of §6(2,D — 1)
rests on the simple observation that, for the subcritical level!

ke e = 23 (1.1)
2
there exists a singular vector at Virasoro level 2 in the NS sector whose decoupling plays
the role of a non-perturbative equation of motion [[[f] selecting the physical operators. The
singular vector amounts to the affine hyperlight-likeness condition

(M€ (2)Mpc(z)) — trace ~ 0, (1.2)

where by Map(z) we denote the currents. In section fJ we will discuss this condition in
more detail and we will show that the physical operators of the subcritical WZW model
are twisted primary fields: the twist, labeled by an integer P € Z, refers to that the lowest-
weight conditions are shifted upward and downward P Virasoro levels for the KM charges
with positive and negative AdS energy, respectively. As we shall see, the scalar singleton

IThere is no coincidence that —k is the energy of the singleton ground state. Interestingly, the subcritical
case considered in [ﬂ], namely level k¥’ = —5/2 in D = 4, is dual to our case in the sense that k+ k' = —h".
The precise relation remains to spelled out.



(P =1) and anti-singleton (P = —1) and their |P|-fold tensor products arise naturally in
this construction.

The singular vacuum vector induces a large number of singular vectors in the various P-
twisted Verma modules. The model nonetheless contains non-unitary and non-topological
states. Drawing on the continuum limit of discretized branes [[[J] as well as on the sigma-
model description of null surfaces in anti-de Sitter spacetime [[L7] (see also [I§, [[9]), it
makes sense to entertain the idea that the coset model based on

50(2,D —1)_,
@(D - 1)—60 @5/\0(2)—50 ,

(1.3)

is a topological model consisting of symmetrized multipletons. In [[[§], a specific continuum
limit of a discretized tensionless brane in AdSp was shown, using a phase-space formulation
on the (D + 1)-dimensional ambient space, to be an Sp(2)-gauged free-field model with
critical dimension D = 7. This model was then argued to be dual to the §0(6,2)_o WZW
model, and the gauging was imposed by hand in order to remove unphysical states. We
shall describe the above gauging and its potential short-comings in more detail in [R0].

In this paper we shall instead focus on the ungauged 50(2, D—1)_,, model. Eventually,
we shall specify to the case of 50(2,3)_; /2 that can be realized in terms of 4 real symplectic
bosons forming a quartet of sp(4). The 2 + 2 split of the bosons allows us to lift several
results from the study of the sp(2)_,; /2 model in [B1], with the important exception of the
hyperlight-likeness condition ([[.2), which couples the two doublets in a non-trivial fashion
(the equation of motion of the sp(2)_; /2 model is instead a 5-plet at level 4).

The paper is organized as follows: in section | we discuss the hyperlight-likeness con-
dition and the special role of the scalar singletons in D dimensions. In section ] we lift
this condition to the non-compact WZW model and show how it is solved by the twisted
primary fields. In section [l we present the realization of the 4D model in terms of symplec-
tic bosons and multiple sets of Heisenberg oscillators. In section f| we compute the fusion
rules using bosonization techniques. Finally, in section [f we summarize our results.

2. Singletons and multipletons

Singletons are ultra-short unitary representations of s0(2, D — 1) that admit no flat space-
time limit. They were first discovered in D = 4 by Dirac in 1963 [2J]. His singletons
may be realized [, R4] as conformal particles on the 4-dimensional (singular) hypercone
in 5-dimensional embedding space R%? with signature (— — + + +). Gauging the world-
line conformal group Sp(2) leaves a 4-dimensional physical phase space parameterized by
two Heisenberg oscillators. The 10 oscillator bilinears generate a unitary representation of
Sp(4) ~ Spin(2, 3) in the Fock space, which decomposes into a scalar and a spinor repre-
sentation consisting of the even and odd states, respectively. Dirac seemed intrigued by the
fact that his representations do not survive the flat limit. This feature was later stressed by
Flato and Frgnsdal, who argued that, instead of limiting the formulation of Quantum Field
Theory to flat spacetime, it might make more sense to start with a non-zero cosmological
constant and recover the flat case in a limit. Dirac’s representations could then play a role



as hidden, or internal, quantum variables. Indeed, a key property of AdS Quantum Field
Theory, discovered by Flato and Frgnsdal in [RF], is that massless and massive one-particle
states are composites consisting of two or more singletons (they introduced the term sin-
gleton referring to the fact that it occupies a single line in the non-compact weight space).
In other words, the massless fermions and scalars, and even more interestingly, the photons
and gravitons, which one would consider as fundamental in flat spacetime, are some form
of two-singleton composites in AdS spacetime. One recognizes a similar reasoning behind
Thorn’s string bits and the more recent AdS/CFT correspondence. Flato and Frgnsdal
viewed, however, the singletons as “gauge” singlets as opposed to the “colored” string bits
and fundamental fields of the holographic CFT’s. One natural scenario in which singlet
singletons may arise is in the partonic description of extended objects in AdSp advocated
in [[[§]. The main feature of this proposal is to combine the discretization with a (D + 1)-
dimensional phase-space formulation, without gauge fixing on the worldvolume, and then
argue for enhanced sigma-model gauge symmetries in a combined tensionless and hyper-
cone limit. The resulting gauge group contains one Sp(2) subgroup for each parton, that
hence can be identified as a singleton realized as a (D + 1)-dimensional conformal particle.

2.1 Elements of so(2,D — 1) representation theory

To give a group-theoretical presentation of singletons and their tensor products (see for
example [26-B0]) one starts from the hermitian so(2, D — 1) generators Mup (4,B =
0,0,1,...,D — 1) obeying?

[Map, Mcp) = 4ingcMap, — Map = —Mpa = (Map)T, (2.1)

where nap = diag(—, —,+,...,+). In terms of the AdS energy E and translation-boost
generators L (r =1,...,D — 1), defined by

E = My = EF, LEf = M,y FiM,y = (L)', (2.2)

T

and the spatial angular momenta M,s = — M, = (MTS)T, the commutation rules assume

the following form
(L7, L] = 26,sE 4 2iM,,, [E,LE] = +LF, [M,, L] = 2id4LE . (2.3)

For D > 4 the physical representations are of lowest-weight type.> To describe these
representations one starts from the Harish-Chandra module* 9 (ep, mg) (see e.g. [2§]) gen-
erated by the repeated action of the energy-raising operators L on a lowest-weight state
leo, mo; £) obeying

L;‘eo,mo;@ = O, (E—eo)‘eo,mo;@ = O7 (2.4)

2We suppress Young projections of indices, which are always of unit strength, unless two sides of an
equation have different index symmetries.

3The cases D = 2 and D = 3 require a separate analysis.

“Harish-Chandra modules are generalized Verma modules where by definition all null states generated
by energy-lowering operators and spatial angular momenta are factored out.



and with ¢ denoting the weights of the UIR of so(D — 1) labeled by the highest weight
my = (m$,m3,...,m§), m§ > md > ... > |mf|, where v = [(D — 1)/2] and m¥ > 0 if D
is even integer. The spectrum of the energy operator E acting in (e, mg) is bounded
from below by the energy eigenvalue eg of the lowest-weight state, which one sometimes
refers to as the ground state. The anti-linear inner product on the space of ground states
yields an anti-linear inner product on U(egp, my) in its turn inducing a maximal invariant
subspace M(ep, my) C V(eg,mp). This maximal ideal consists of null states, i.e. states
that are orthogonal to all states in U(eg, mg). It is nontrivial iff there exists at least one
singular vector, namely a state |e{,, m{) € B(ep, my) with e, > ey obeying L e, m{) = 0.
The singular vector generates its own submodule of 9(eg, mg). There may be several null
submodules, possibly with additional substructure. Factoring out 9(ep, mg) yields the
non-degenerate lowest-weight space

D (eo, mg) = BV(ep, mp)/MN(ep, my) - (2.5)
Every lowest-weight space can be flipped “upside down” into a highest-weight space,
D (eg,mg) = B~ (eg, mg) /N (eg, my), (2.6)
built on the highest-weight state
Lf|eg,mg;£)” =0, (E+ep)leg,mp; £)~ = 0. (2.7)

We shall use the convention that superscript + and — indicate lowest and highest-weight
spaces and states, with 4 set as default value, and refer to the negative-energy states as
anti-states. Defining the linear map

7 (|eo, mo)™) = |eg, mg) T, ™ (F(eo,mg|) = F(eg, my|, (2.8)
one can show that 7 lifts to a linear involutive s0(2, D — 1) automorphism given by
T(Mgp) = Mgy, m(P,) = —P, . (2.9)

where Myp = (Myy, P,), with P, = My, a = (0,7) being the space-time translations and
My the Lorentz transformations. It is also useful to introduce an anti-automorphism 7
acting on states and generators as follows

7 (leo, mo)*) = Tleg,mg|,  7(Map) = —Mas . (2.10)
With these definitions, it follows that 77 = 7.

2.2 Masslessness and hyperlightlikeness

From the commutation rules (R.3) it follows that there are no singular vectors if eq is large
enough at fixed my, in which case D(eg, mg) = V(ep, my) is unitary and is referred to as
a massive representation. Lowering ey while keeping my fixed, singular vectors appear for
the first time at a critical value of eq [BI]]. In case m(l) > 1, the singular vector corresponds



to a field-theoretic gauge artifact [BJ], and one may refer to the critical ®(eg, mg) as a

massless representation. The simplest case is mg = (m}) = (m) with m > 1, i.e. a ground

state that is a symmetric rank m tensor. The corresponding unitary lowest-weight space is
D-3

D(m + 2¢g, (m)), €= —5 (2.11)

and the gauge modes are generated from the longitudinal singular vector

D—-1

[m+2¢0 + 1, (m = 1)pn-1y = Y L [m + 260, (m)) trm—1) (2.12)
t—

where we use the notation r(m) =ry - - rp,.
Interestingly, also scalar and spinor Harish-Chandra modules, i.e. the cases m = 0,1/2,
exhibit critical behavior giving rise to the scalar and spinor singletons

Do = D(eo, (0),  Dijp = D(eo+1/2,(1/2)) . (2.13)
The singular vectors are now given by
LiLtleo, (0)),  (w)a’Lileo+1/2,(1/2))5 , (2.14)

where (’yr)aﬁ are Dirac matrices (squaring the Dirac operator one finds that L L ~ 0 also
for the spinor). The singletons therefore consist of single discrete lines {n+e¢g, (n)+mg}o2,
in the non-compact weight space. In the Harish-Chandra module, the singular vectors are
compact, or Bogoliubov-transformed, versions of the (D — 1)-dimensional equations of
motion of conformal scalar and spinor fields [BJ]. There are also unitary singleton-like
representations with m > 1, corresponding to discrete subcritical values of eg, but we shall
not be interested in them here.

Alternatively, the quantum-mechanical equation of motion of the singleton can be writ-
ten directly in terms of the angular momenta M4p on a manifestly (D + 1)-dimensionally

covariant form as the following hyperlight-likeness condition,?
(U|Vag|¥')y =0, (2.15)
where Vs p is the traceless operator
Vap = EM(ACMB)C B o oy = LBy, (2.16)
2 D+1 2

In a lowest or highest-weight space, this is equivalent to that the ground state |2) obeys

Vis|0E) = 0. (2.17)

®Realizing the angular momenta as Map = XaPp — XpPa where X and PP are the coordinates

and momenta of the conformal particle in R*P~!

, one can show that Vap is proportional to the Sp(2)
generators X2, P? and {XA7 Pa}, so that Vap ~ 0 comprises the light-likeness condition P? ~ 0 as well
as the hyper-cone condition condition X2 ~ 0. The hyperlight-likeness condition forces the D-dimensional

space-time energy-momentum into rotational motion rather than ordinary geodesic, e.g. light-like, motion.



In the case of scalar and spinor lowest-weight spaces in D > 4, one can show that the
hyperlight-likeness condition holds only for scalar singletons in D > 4 and the spinor

singleton in D =4, i.e.5
DF . hyperlight-like for all D, (2.18)
@fﬂ . hyperlight-like iff D = 3,4 . (2.19)

We note that in the singleton Harish-Chandra module V4p|x) are null states for arbitrary
|x). In particular, the (D — 1)-dimensional mass-shell condition is recovered from V*+ =
SLEL}, where X* = X¢ FiXo. Moreover, acting on |eg + n, (m)) € U(eo, (0)) with

m =n—2k, k=1,2,... (ie. containing k factors of L;/L;}) with V,© and decomposing
into symmetric traceless and trace parts, yields

V{JHEO +n, (m)>r(m)} = ikLEHEO +n, (m)>r(m)} ’ (2'20)
]
‘/;+|60 +n, (m)>s7"(m—1) = §L7—f|60 +n, (m)>r8(m—1) ) (221)

where {r(m)} denotes the traceless part of r(m). Each of these equations separately implies
that all states in the Harish-Chandra module with £ > 0 are null states.

2.3 Compositeness and higher-spin algebra

The fundamental nature of the singletons was first exhibited in D = 4 by Flato and Frgnsdal
in 5], where they derived the following decomposition under s0(2, 3) of the tensor product
of two scalar singletons,

D0@Do= P Dm+1,m), (2.22)
m=0,1,2,...
D0@Dip= P Dm+1m), (2.23)
2m=1,3,...
m=1,2,...

where we note that all representations on the right-hand sides are massless. Their result
generalizes straightforwardly to two-singleton composites D dimensions [B4-Bg, [5]

D00Do= P D(m+2e,(m)). (2.25)
m=0,1,2,...

For this reason, one refers to the symmetric traceless rank m > 0 tensors in D dimensions
and the pseudo-scalar D(2,0) in D = 4 as composite massless.” The two-singleton compos-

6One can also show that the scalar and spinor singletons in D = 3 are hyperlight-like.

"In D = 4 the composite massless representations admit extensions to the conformal group whose
restrictions to the Poincaré group are ordinary massless particles with helicity +m. These can be compared
with the conformally coupled scalar in D dimensions, that has eg = (D — 1 £ 1)/2, which can equal the
composite value eg = D — 3 only in D = 4 and D = 6, and that of the composite pseudo-scalar value
eo=D—2onlyin D=2and D =4.



ites can be decomposed under Sy into symmetric and anti-symmetric Young projections®

D0@Dols = P D(m+ 26, (m)), (2.26)
m=0,2,4

Do@Dolas = B Dim+2¢,(m)) . (2.27)
m=1,3,5

Adhering to the nomenclature introduced in [[H], we shall refer to Young-projected multi-
singleton composites as multipletons, and in particular to the massless cases as symmetric
and anti-symmetric doubletons.? In general, the tensor product of P > 2 singletons decom-
poses under Sp into P! P-tupletons. For P > 2 these decompose under so0(2, D — 1) into
massive representations, although as far as we know the explicit form of this decomposition
has not been given in the literature.

The scalar singleton ’}33[ is the fundamental representation of the minimal bosonic
higher-spin algebra hoy(2, D —1). This algebra is an infinite-dimensional Lie-algebra exten-
sion of s0(2, D — 1), defined by factoring out the annihilator of ’Dac from the Env(so(?, D—

)) BY, E3, [[3].'° The algebra hoy(2, D — 1) acts transitively on DF (and ”}31/2 in D=4)
and irreducibly on the multipletons. The irreducibility of the multipletons, i.e. the absence
of non-trivial hoy(2, D — 1)-invariant tensors in (D7F)®", is a consequence of the fact that
hoy(2, D — 1) contains su(k) subalgebras for unbounded values of k. These subalgebras are
obtained by consistently truncating to generators that have non-vanishing matrix elements
only between singleton states with excitation energies ¢y + n for n = 0,1,..., N (k can
be made arbitrarily large by taking N sufficiently large). As an aside, for later reference,
we note that both (hoy(2, D — 1),D7) and (hoy(2,D — 1),D,) are formal N — oo lim-
its of (su(N),N). Thus, apart from the standard hoy(2, D — 1)-invariant inner product
(]-) : D @ DF — C, there also exists an hoy(2, D — 1)-invariant bilinear inner product
() : ®F @DT — C defined by

(AJZ), N®)) = AN (W), |9 ) , (2.28)
(W), Map|¥')) = (-M B|‘I’ ) . (2.29)
(leo, (0)) 7, leo, (0)F) = (leo, (0))™, |e0, (0))7) = 1. (2.30)

The higher-spin algebra, by its construction, contains an infinite-dimensional Cartan
subalgebra, so that its representation theory falls outside that of Lie algebras with finite-
dimensional Cartan matrices. On the other hand, from a physical point-of-view, the higher-
spin algebra appears to be too small to unify interactions that mix multipletons with
different values of P (with the exception of (classically consistent truncations to) self-
interactions in the massless P = 2 sector). As found in [Lf], multipletons arise in a

8Tt is intriguing that [0 ® Dols agrees with [0/, ® D1/2]as except in the scalar sector, where the
former contains the parity-invariant scalar ©(1,0) and the latter the pseudo-scalar ©(2,0). This points via
holography to some form of bose-fermi correspondence in three-dimensional conformal field theory [@,

9The doubletons of 50(2,3), which are massless conformal tensors in four dimensions, are singletons of
50(2,4) ~ su(2,2). This particular notion of doubletons was first introduced in [@]

1The minimal higher-spin algebra is denoted by ho(1]2;[2, D — 1]) in [@]



discretized description of tensionless extended objects in anti-de Sitter spacetime. It was
further argued that the continuum limit leads to a non-compact WZW model, wherein the
singletons arise as twist-fields in the R sector,!! the tensoring is lifted to fusion, and the
role of the higher-spin algebra is replaced by an affine extension of so(2, D — 1).

3. On subcritical 50(2, D — 1) WZW models

In this section we propose an §0(2, D — 1) WZW model at the subcritical level —(D — 3)/2,
which we claim accommodates the scalar singleton as well as all its composites. Here,
our approach is purely algebraic, based on using spectral flow to solve the current-algebra
version of the hyperlight-likeness condition (B-1§). The construction will then be explored
in more detail in the case of D = 4 in the coming sections using symplectic bosons and
free-field realizations. The affine representation spaces contain many unphysical states over
and above the desired singletons and multipletons, which one may think of as generalized
ground states. Whether a unitary model can be extracted by some form of gauging is still
an open issue, and we refer to [R(] for more details.

3.1 Affine hyperlightlikeness

In what follows we shall focus on the holomorphic sector of the WZW model. The under-
lying $§0(2, D — 1), currents obey the operator product expansion

_ 2knacnsc | 4inpcMap(w)

Mup(z)Mcep(w) = - w)? P + finite, (3.1)
where the level k is chosen such that the normal-ordered field*2
1
Vap(z) = 3 (M(ACMB)C) (z) — trace, (3.2)

is a singular vector in the NS sector. In other words, k is fixed such that Vap(z) is a
Kac-Moody primary obeying

) _ 4i7730VAD(Z)

Z—Ww

Map(2)Vep(w + finite . (3.3)

Since V4 is an s0(2, D — 1) tensor with highest weight (2) and canonical conformal weight
2, the Sugawara construction implies that Vap can be a KM primary iff

Chlso(2,D —1)[(2)] _ 22+ D—1)

h|V, = = = 2 3.4
Vs 2(k + hY) 2(k+D—1) ’ (34)

from which we read off the subcritical level
k= —e. (3.5)

Hn [@] we used the term spin-field, but here we shall instead use the more commonly used term twist-
field.
2The normal ordering operation is defined by (AB)(z) = ¢ dx A@)B(2) (for example, see [@])

z 2mi r—z
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Indeed, for this value the double contractions in Map(z)Vep(w) cancel, and one is left
with (B.d). The Sugawara stress tensor becomes

1
T(z) = ——(M*PM 3.6
©) = s M Man)(o (35
with central charge ¢ = —D(D — 3)/2. The hermitian conjugation is given by XT =
((X)*)™ where * is an anti-linear automorphism * and 7 a linear anti-automorphism (BPZ

conjugation), defined by

. .1 .
(Map(2)" = =Map(2),  (Map(2))" = —5Map (:7') (3.7)

resulting in
(MaBn)" = —Mapn , (MaBn)” = —MaB,—n, (Mapn)' = Map_—n . (3.8)

Acting on the 0-modes, the BPZ conjugation reduces to the anti-automorphism 7 defined
in (R.10). The lift of the s0(2, D — 1) automorphism 7 given in (R.9) to the affine case is
given by

7T(]wab,n) = Mab,na 7T(Pa,n) = _Pa,n . (3.9)

Turning to the primary fields of the WZW model, the decoupling of the singular
vacuum vector at the level of three-point functions forces the primaries to obey an equation
of motion [16, BT, which is a necessary condition that fixes the admissible representations
but not their multiplicities (a complete determination of the spectrum requires further
input from demanding closure of the operator product expansion, crossing symmetry and
modular invariance). Denoting the primary fields and states by Vi (z) and |A) = V(0)|0),
and the corresponding KM Verma modules by %(A), the decoupling amounts to

(U|Vapa|®) =0 forallneZand |U), [¥) € B(A), (3.10)

where the inner products are defined using the hermitian conjugation (B.§). The decoupling
(B.10) is equivalent to (A|Vapn|A) = 0 for all n. Assuming that (A| has a fixed Lo
eigenvalue, this is the same as (A|Vapo|A) = 0. Finally, assuming that (A| is a s0(2, D —1)
ground state, one finds

VisolA) =0, (3.11)

which is the affine version of (R.17).
In general, the primary field may be twisted in the sense that Mg ,|A) vanishes for
some AB and n < 0 and does not vanish for some AB and n > 0. In our case, the relevant

twisting is described using the compact basis, viz.

(L L) = 2iMyg min + 267 Eppgn + 2€0m0rs0min,0 (3.12)
[Ema En] = _€0m5m+n,0 s (313)
[MTS,m, Mtu,n] = 41054 My yyn — 2€0mM0Or405u0m4n,0 - (3.14)

— 11 —



Given an integer P, a P-twisted primary field Vipj;a(2) is by definition taken to obey
LE[PiA) =0 forn>+P+1, (3.15)
Mysnl|[P;A) = Ep|[P];A) = 0 forn>1, (3.16)
and to be a ground state with lowest weight labels (egp} , mgp}) of a Harish-Chandra module
of the s0(2, D — 1) algebra with generators

LM =rf . M = M.y, EY = B - Pe . (3.17)

We note that from (E) — e[OP})I[P], A) =0 it follows that

ey = B%P] + Peg, my = m([)P] . (318)
We shall label the P-twisted ground states by
A = (hs 0, o), (3.19)

where h is the conformal weight. The action of the KM creation operators on |[P]; h; ey, mg)
generates Verma modules ’i\][ P};h(@O, my) containing null submodules ‘/ft[ p);n(€os my) gener-
ated by P-twisted singular vectors (containing at least all excitations generated by the
modes of V4 ). Factoring out the null states yields the twisted lowest weight spaces

~

~ U1 pr. ;
D pj;n(e0; mg) = Dipp(coimo) (3.20)

Npy;n(eo; mo)

We note that the standard definition of a KM weight space is recovered for P = 0. For
P = #£1, one additional singular vector has been factored out from the Verma module,
namely L [[£1]; A).

3.2 Twisted primary scalars and multipletons

Let us consider the special case of a P-twisted primary field V{pj(2) that is a singlet under
50(2,D — 1)[13], i.e.

LL|P) =0, n>=%P, (3.21)
(B, — 0noPeo)|[P]) = 0, M,s,|[P]) = 0, n>0. (3.22)
These states are also conformal primaries,
P?¢
(Ln = hipp)|[P) = 0. hypp = ==, (3:23)

where n > 0 and L, are the Virasoro generators taken from the Sugawara stress tensor

(B.4). Since |[P]) is an SO(D — 1) scalar, it follows that
1

‘/7’3,0|[P]> = D—1

OrsVitol[P]) - (3.24)

13Primary fields of this type are also referred to in the literature (see e.g. [E, @]) as spectrally flowed
primary fields.
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By explicit calculations one can then go on to show that V. o|[P]) = 0, i.e. the twisted-
primary singlets defined above obey the equations of motion (B.11]), i.e.

VeolPD) = 0. (3.25)
The scalar twisted lowest-weight spaces, that we shall denote by

Dip) =D, r2e (Peo, (0)), (3.26)

[P]vf 2

contain negative norm states, which should be removed carefully by imposing suitable gauge
conditions [f], B0]. In this paper we shall not enter this important discussion. Instead, let
us highlight the interesting, potentially physical, subspace Dp) C D[p] given by

Dip = P Dippnleo, mo), (3.27)

€0,Mmo

where Dp).;,(e0, mg) are defined to be the (untwisted) so(2, D —1) weight spaces generated
by acting with L7, with o = sign(P), on ground states of the form

[Plihieo,mo)” = | [T L7, | IIPD +[[PL ), (3.28)
r|n|<|Pl=1
where the state |[P]; ) contains at least one excitation by one of the compact subalgebra

|P|-1

n—po » and is determined by

generators {E_,, My _,}
L, gI[P]; hyeg,mg)” = 0. (3.29)

We note that the weight spaces in Dp) are of lowest-weight type for P > 0 and highest-
weight type for P < 0, and we shall therefore drop the superscript o on the states. In
particular,

7)) = |[P);— 2

; 20€q, (0)) (3.30)

are ground states of scalar weight spaces. The state |[0]) is the NS vacuum, so that
D) = @{0}(0,0) . (3.31)

For P = 41, we identify |[£1]) as the ground states of the scalar singleton, D =
D[1];—e/2(€0, (0)), and anti-singleton, D~ = D_y),_,/2(—¢0, (0)), and hence

Dixy) ~ Dy (3.32)

For P = £2, we identify [[2]) and [[—2]) as the ground states of the composite massless
scalar and anti-scalar, respectively. Acting on |[£2]) with traceless strings of L;tl generators
yields the composite massless higher-spin ground states (m =0,1,2,3,...)

|[£2]; —2€0 — m; (M + 2¢0), (m)>{r(m)} = L{irhl T Lfm}71|[i2]> : (3.33)
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We note that the trace parts sit in ‘ft[iQ];,Qeo,m(i(m + 2¢g), (m)). Similarly, traceless
strings of L7 _; generators dressed up with suitable correction terms involving subalgebra
generators provide massless ground states of the form |[£2]; —2¢y + m;m + 2¢g, (m)). For
example, the photon ground state with conformal weight —2¢y 4 1 is given by

12]; —2€0 + 151 + 2¢0, (1)), = <L+1r ! MTS,_le()) 112]) . (3.34)
’ 1+ 2¢g ’
Similar constructions can be given for higher spin and for P = —2. Thus
©[i2] ) Q[iQ];72eo(i2EOa(0)) 3, Q/H:Q}H_ ©® Q/H:Q}?_ 5 (335)
where we have defined
/[:I:Z];— = @ Q[iZ];—Zso—m(i(m + 260)’ (m)) ) (3'36)
m=1,2,...
/[j:Z];—i— = @ Q[iZ];—Zso—Fm(i(m"’ 2¢0), (m)) - (3.37)
m=1,2,...
From (R.29) it follows that
D2)—260 (£2€0, (0)) ® Disgy, . ~ Dy ® Dy (3.38)
We expect the above pattern to generalize, so that
Dp) O Dipj- = (D7), (3.39)

where D p)._ is defined to be the space of states in Dp; with minimal Lo-eigenvalue for
fixed s0(2, D — 1) quantum numbers.

The above analysis suggests that the scalar twisted primary states |[P]) correspond to
scalar twisted primary fields V|p] obeying the simple fusion rule Vip) X Vipj = Vipyp1).

3.3 Spectrum-generating flow and fusion

Spectral flow is an operation which shifts the modes of affine generators such that the
spectrally-flowed algebra is isomorphic to the original one. It is known that spectral flow
in WZW models based on affine Lie algebras with infinite-dimensional zero-mode repre-
sentations connects an infinite set of sectors which are all required for the consistency of
the model, see e.g. [{d, f, I, 5. In our case, these sectors are labeled by the integer
P, containing as “zero modes” states in the |P|th tensor product of singletons (P > 0) or
antisingletons (P < 0).

The possible spectra of scalar twisted primaries is restricted by a delicate interplay
between fusion and spectral flow. At the level of the fusion rules, which we denote by X
and whose entries are affine representation labels A, the spectral flow operation, viz.

QP[VA] = VQP(A), PeZ, (3.40)
can be composed as follows [

QPOQP/ = QP+P/ . (341)
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By using the commutativity of fusion rules, one can also show that
Qp[VA x Varl = Qp[Va] x Vir = Vi x Qp[Va/] . (3.42)

We note that as a consequence Qpp/[Va X Var] = Qp[VA] X Qp/[Vpr]. At the level of the
operator product algebra the distribution of spectral flows induces automorphisms,

Qp[A(z)B(w)] = (QpAQY (2)(Qp[B])(w) . (3.43)
The spectrally flowed currents are defined by

(QPLTOR)(2) = 2L (2)

(QpM,sQp ) (2) = Mys(2), (3.44)
(QpEQLY(2) = E(2) — Pegz™?, (3.45)
or in terms of the charges
QpLy, 5 = Lyyp,  QpMpsnQp' = Moy, (3.46)
QpE,Qp = E, — Pegdnp - (3.47)

The shift in the energy is compatible with the central extension in (B.19). The spectral
flow of the Sugawara stress tensor (B.f) is by definition given by

dx

m(QPMABQ;)(m)(QPMABQ];I)(z) . (3.48)

@rTO) = §

Expanding the operator product and evaluating the residue at x = z one finds

P2
(QpTQRN(2) = T(2) + PE(z) — —2272 | (3.49)
or, at the level of Virasoro generators,
—1 P2€0
QpL,Qy = L, + PE, — Tén,() , (3.50)

where (2 anQIZI indeed obeys the same Virasoro algebra as L,,. The mixing between 7'(z)
and the AdS-energy current F(z) can also be expressed as

E(z) = (QpEQRY)(2) + Pegz™ ", (3.51)

5 .

A family of s0(2, D —1)p)-singlet P-twisted primary fields, obeying (B.21)) and (B.22),
can now be constructed by applying spectral flow to the identity,

T(2) = (TR (=) — P EQ)(2)2 !

(3.52)

Vip = Qpll], PeZ. (3.53)
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By construction these fields obey the hyperlight-likeness condition (B.11)), which one can
also verify directly by calculating

QpVis0Qpt = Viso, (3.54)

which implies V,50|[P]) = Qp[V;s0/0)] = Qp[0] = 0. We note that QpE,Qp'[P]) =
QpL,Qp'[P]) = 0 for n > 0 is consistent with (B:49) and (B-50), and that the operators
on the left and right-hand sides of (B.51]) and (B.53) are normal-ordered with respect to the
0-twisted and P-twisted ground states, respectively. The various conjugates of the twisted
primary states are given by

)™ = =rh, P = {2,  =(Ph = [[=PF), (3.55)

P = (PN = ([Pl - (3.56)
We can thus define an inner product by declaring
((P']|[P]) = dptpo, PP EL. (3.57)

By definition ([P]|Map, = ((Magn)'|[-P]))", which implies that the above definition is
consistent with the assignment of Ey eigenvalues. We note that there also exists a bilinear

inner product (+,-), induced by the two-point functions, viz.

_ (v, 1v7)

(0]Ow(2)Ow (w)[0) = ma (3.58)
where Oy (z) denotes the vertex operator corresponding to the state |¥). This bilinear
inner product reduces to (R.3() upon restricting to the set of [4]-states generated by the
0-modes.

The composition rule (B.41]) and distribution rule (B.43) imply the simple fusion rule'*
‘/[P} X ‘/[p/} = ‘/[p+p/] . (359)
The analysis so far suggests an $0(2, D — 1)_., model with spectrum given by

D = %@Wlﬁeo(zﬂeo,(m) : (3.60)
Clearly, the closure of the fusion rules is only a necessary criterion, and we leave a more
detailed study of this model, e.g. the properties under modular transformations and locality
of the operator product expansion, to future work. In fact, already in the case of D = 4,
we observe that the above assertion does not take into account the hyperlight-likeness
of the spinor singleton, c¢f. (R.19). As we shall show next, the affine extension of this
representation can be added and spectrally flowed leading to an extended 4D model with
additional tensor-spinors.

Mn the case of WZW models based on affine algebras with infinite-dimensional zero-mode represen-
tations, one has to pay extra attention to the fusion rules. For instance, the Verlinde formula does not
necessarily apply, cf. [@] and references therein.
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3.4 Twisted primary spinors in D =4

The case of D = 4 is special in two respects. First, there is a massless pseudo-scalar in
D|+9), which has no analog for D > 4. Tt is given by

[2]; —1542,0) = € Myg 1 Li5[[£2]) . (3.61)
Thus, in D =4
Diig) O Dprgf—1(£1,0) & Digop1(£2,0) © Digp & Digg (3.62)
~ (D)% @ (D7)%?, (3.63)
2

where we have used (R.24) and (R.24). We note that the massless pseudo-scalar is an
sp(4)_, /2 descendant of the massless scalar, while these spaces belong to distinct irreps of
the higher-spin algebra hs(4), see e.g. [[7, {0

Second, the spinor singleton is hyperlight-like, as we saw in the previous section. The
affine extension of the spinor singleton belongs to a 1-twisted sector that is related by
spectral flow to the fundamental spinor of s0(2,3), i.e. the real quartet of sp(4) which has
lowest energy —1/2 and highest energy 1/2. More generally, the spectral flow gives rise to
spinorial P-twisted sectors. To describe these, we decompose the quartet SO(2) x SO(3)
into two SO(3) doublets with energy +1/2, that we shall denote by

0];£); = |[0]; 3; -2, 3, %), , (3.64)

where the quantum numbers indicate that

LEJO ) =0, n>0, (3.65)
LT[0 £)i = £6p0(0r)|[0];£);, n>0, (3.66)
(EnF 3000) [[0;£)i =0, n>0, (3.67)
(Mys nl[0]; £)i + £6n0(0vs)?|[0]; 1)) =0,  n>0. (3.68)

The spectral flow operation yields the states
1P )i = [P}y UGS P L), = Qp(([0)s )s) (3.69)

obeying

Lo l[Pli£)i =0, n>=+P, (3.70)
LTI[0); £)i = £6pspo(or)|[0]; +); n>FP, (3.71)
(EnF g0n0(|P|+ 1)) [P £); =0, n>0, (3.72)
(M5 nl[0]; £)i + 56n0(0vs)i?) [[01;£); =0,  n>0, (3.73)
<Ln - 5n0h[P];_%é> (Phyi =0, by 11 = 3P (3.74)
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Figure 1: The conformal dimensions h(p as a function of the spin m; = m of the ground states
of the s0(2,3) ~ sp(4) subspaces D(p);, (€0, mg) defined in (B.27). Note that there are two scalar
ground states having h = —1 in each of the P = £2 sectors, one of which corresponds to the twisted
primary state |[+2]; —1; £1,0) and the other to the pseudoscalar |[£2]; —1; 42, 0).

The above analysis suggests that if one adds the above spinorial sector to the model
in D = 4 (with multiplicities equal to 1), then the spinorial contributions to D49 make

this space isomorphic to (”}33[ &) pr)@?' The natural generalization would then lead to a
4D extended model: Dp) ~ (DF S 97)2IP1 (3.75)
2

In figure [| we summarize the set of ground states specifying the representations
Dp);n(e0, mg) in the D = 4 model for |P| < 2.

Let us continue with a more detailed analysis in D = 4 using a realization in terms of
symplectic bosons.

4. The extended sp(4) model

In this section we give the realization of the four-dimensional extended model, which has
symmetry group 5\0(2,3),1/2 ~ 5]\3(4),1/2, in terms of 4 real symplectic bosons forming a
Majorana spinor [[ig, fd],'® i.e. a quartet of sp(4). Indeed, the Sugawara central charge
¢ = —2 and conformal weights h = —1/2 and h = —1/4, respectively, of the fundamental

15 Also the models in D = 5 and D = 7 can be realized in terms of symplectic bosons in spinor represen-
tations, but these models require additional internal gaugings (U(1) in D = 5 and SU(2) in D = 7) that
are critical for scalar singletons but not for spinor (nor higher-spin) singletons ground states. This provides
an explanation why spinor singletons are hyperlight-like in D = 4 but not D > 4.
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spinor and the twist field agree with the canonical values of the system of symplectic bosons
(where the R sector corresponds to the twist field). To some extent, this correspondence is
analogous to that between the $0(4); model and 4 real fermions. The important difference
is that in the fermionic model all conformal weights are bounded from below, so that
spectral flow becomes a Zs-operation, corresponding to moving between weights in the
two congruence classes of SO(4), or equivalently, between even and odd momenta in the
two-dimensional Euclidean lattice of the free-field realization. In the case of symplectic
bosons, the conformal weights are bounded from below by —P?/4 for fixed amount of
twist, P. The spectral flow operation now becomes a Z-operation, corresponding to moving
between classes of momenta in the four-dimensional lattice of signature (2,2) of the free-
field realization, which will be considered in more detail in the next section.

4.1 Realization using symplectic bosons

In order to make contact with the standard oscillator realization of the singletons, it is
convenient to work in a U(2)-covariant compact basis where the symplectic bosons are
assembled into two doublets a;(z) and a@‘(z) (i = 1,2), obeying!6

, 5
i(z2)a’ ~— 4.1
i (2)a (w) ~ (41)
In this basis, the sp(4) currents are given by
jij = (li(lj, Kij = (diaj), Jz‘j = a;a;, (4.2)
and obey
454 KR, (w)
o T G ) ik gy
JZ] (Z)J (w) ~ . —w - (Z _ w)g(s(z(s]) ) (43)
, - skJ(w) oL T*(w)
Kb, Jkl ~ I J 4.4
S w) ~ L T (44)
; 52 J-l(w) 51Jk(w)
K. J ~ — k<) e A 4.5
§(2) T (w) o . (4.5)
. K (w) — 61K (w) 2%k
k J l J k
KZ](Z)K l(w) ~ »—w (Z _ w)2(slz(5] ’ (46)
where the normalization is chosen such that & = —1/2. The corresponding commutation
rules read
Tkl _ sl 1k k gl
[Jijom, Iy'] = 0; K" mtn + 3 terms — 4kzm5(i5j)5m+n70 , (4.7)
[Kijﬂm jﬁl] = 5?jrirlL+n + 5§j1l;rlf+n ) (4'8)
(K Tein] = =06 Tjtman — 0f Jjkmtn » (4.9)
[Kij,m, Kklm] = (S?Kihm_,_n - 5;Kkj,m+n + kaélzéf(Sern,o . (410)
Doublet indices are raised and lowered with ¢ and €;; defined so that eipel? = 55. The symmetric
Pauli matrices (0+)i; = (0+)i"ex; and (0,)7 = €*(0,)1? obey the reality condition ((0v)i;)* = —(or)¥.
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The sp(4)_, /2 Sugawara stress tensor equals the canonical stress tensor of the symplectic

bosons,

T = = ((a;0a") — (a'0a;)) (4.11)

1
2
with ¢ = —2. The relation between (J%, K*;, J;;) and the O(3)-covariant compact basis
(L, B, M,s) is given by
J9 = ("L, Ty = —(0")iLy (4.12)
K'j =8 E+ 4(07°);" My . (4.13)
The currents K'; generate the W(2)_1/5 ~ $U(2)_1/2 ® U(1)_1/5 ~ §0(3)_1/2 B §0(2)_1/9

subalgebra. There are also two independent sp(2)_; /2 = $0(1,2) 1 subalgebras generated
by the currents (1’ = +,3, —)

Jrl(i) = (‘]+(l)a Jg(i)a J_(Z)) = %(j“a Kii, JZZ) ) (414)
for fixed i = 1,2. The two sp(2) spins are given in terms of the space-time energy and spin
by

K'Y = E+4+ Mj, K?, = E— Ms, (4.15)

where we use the following canonical basis for SO(3): M, = —e.Ms/2, [M,, My] =
i€,s¢ M. To represent the symplectic bosons in Fock spaces, one expands them in modes

a;(z) = Z Y2, al(z) = Z 212G (4.16)

neZ+p neZ+p

where by definition u € {0,1/2}. The operator product (f.1)) is equivalent to the oscillator
algebra

h%nd,d%] = 5g5nr%nﬁ . (4.17)
One next introduces P-twisted oscillator vacua |[P]) obeying
ain|[P]) =0, for n>-F21, a@|[P])=0, for n>53, (4.18)

where P € 27 + 2u, giving rise to the P-twisted sectors

Fr=9q I @™ I @.)"1en e, (4.19)

P41 P—1
n> 5 n>— 3

where k,, k,, € Z>o. The P-twisted normal order is defined by

O > _P-1
XO0ain% = {Oaz’” o= (4.20)

a; nO else
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n

=1 P+1
xoat = {Q“Z for m2 5= (4.21)

where we note that the odd-twisted normal orderings send a; o and dé to the left and the
right, respectively. The P-twisted Green’s functions are given by

z P/2 j
ai(2)d’ (w) — Za;(2)a’ (w)% = (“;)_71;;1, (4.22)

and the normal ordering only affects affects the energy operator E = (a'a;)/2 and the
stress energy tensor T = (da‘a; — a'da;) /2. The O-twisted normal order coincides with (),
and one can identify the O-twisted sector with the standard NS sector, i.e.

[0) = 10), (4.23)

is the sp(4)_1 /o invariant state obeying Map ,|0) = Ly|0) = 0 for n > 0. The (+1)-twisted
sectors are analogs of the R-sector in the realization of §0(4); in terms of 4 real fermions
With Cfermion = 2 (here the currents are based on anti-symmetric SO(4)-invariant bilinear
forms; the central extension in §0(4); is fixed by equating the Sugawara and canonical
stress tensors). In particular, the bosonic Fock space generated by the zero-modes (a; o, dé)
are analogs of the finite-dimensional spinor representations of the Clifford algebra with
hspinor = 1/4. Switching back to 4 real bosons reverses the signs in ¢ and h and induces a
non-trivial mixing between the stress tensor and the AdS energy (whose fermionic analog
vanishes identically due to the odd statistics) with the result that

E(z) = %édia,é + —122' 1 , (4.24)
1% /9=1 —i X Px-i_ x_—1 P2 _—2
9 X (. (3 ) (] - 1 bl .
T(z) = 5x(0a'a; — a'da;)x — 5xa'a;xz 17 (4.25)

where P = +1. In fact, the above expression is valid for any P, in agreement with (B.51)
and (B.53). One way of showing this is to note that for P = P’ mod 2 one can use simple re-
orderings of oscillators to go between the P-twisted and P’-twisted normal ordered forms
of operators corresponding to states in the NS sector, i.e. monomials in the symplectic
bosons. The KM charges and Virasoro generators can consequently be expanded in the
P-twisted sector as follows

7ij 2 : X~ =] X
Jn - XA Ay —m X

X X
Jijm = Z XAmAjn—mX (4.26)
mEZ+-p

Kij,n = Z idlr'naj,n—mé + §5n,05§, (427)
meZ+p

s . i 2
L, == Z X (m(aﬁl_maim — Qi —m) — Paﬁnai,n_m) o PT‘S%O . (4.28)
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The star conjugation * and BPZ conjugation 7 defined in (B.§) take the following form
in the compact basis

(Jijn)* = —=J7 (T = —Jijm » (K'jn)" = —Kin,
(Jijn)" = —Jiji—n (JHT = —J7 | (K%, = —K% ., (4.29)
(Jljyn)T = j?n? (;ZL])T = Jl’j,*na (Klj,n)T = Kji,fn

The conjugations can be implemented at the level of the oscillator algebra by taking

(ai,n)* = idfm’ (C_L%)* = iai,n, (430)
(ain)” = —ia; _n, (ai)” = —ia',,, (4.31)
(ai,n)T = ai—n’ (d:L)T = Ui —n - (432)

The 7 map, defined by (B.g), takes the following form in the U(2)-covariant basis,

T(Jijn) = Jijm,  w(JF) = J7,  w(K'jn) = K;j' = €"K've;, (4.33)

)

and can be implemented as
ﬂ-(ai,n) = Qin, W(di ) = a; . (4.34)

Formally, the action of the conjugations and the 7 map on states can be defined as in (B.59)

and (B.56).

4.2 Generating the spectrum by spectral flow

To describe the P-twisted sectors by means of the spectral flow operation, we define

[P]) = Qp[0)] - (4.35)

From the fact that Qpa;(2)|0)] and Qp[a’(z)|0)] are regular and non-vanishing at z = 0 it
follows that

(Qraiph)(2) = 2 Pai(z),  (Qpa'QpY)(2) = 2Pa(2), (4.36)
or, in terms of modes,
Qpai,nQIZI = Qjn—P/2, QP(Z%Q;—} = d;+P/2 . (437)

The spectral flows of E(z) and T'(z) can then be calculated either by implementing the
normal order using an auxiliary integration and following steps similar to those that led

from (B.48) to (B-49), or by acting directly on the mode expansions in (f.27) and ({.29).

The result can be written as

QpE(2)Qp' = E(2) - L2771, (4.38)
OpT(2)Qp = T(2) + LE(z) — 22272, (4.39)
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where the left-hand sides above are in P-twisted normal order, which ensures agreement
with (4.24)) and ({4.29). It is now straightforward to verify that

JAP) =0, n=P, (4.40)

JinllP) =0, n>-P, (4.41)

(K'jn = §0000;) [[P]) =0,  n>0, (4.42)
<Ln + %25n,0> P =0, n>0, (4.43)

i.e. |[P]) corresponds to the so(2,3)p-singlet P-twisted primary defined in (B.21)) and
(B.22). In addition to the singlet, there is a twisted primary spinor, given for P # 0 by

a(p_1ypllP]) P >0

P|+1)2 P+o
HP];_(\ |2’) _|_%;( ‘2*‘ )’%» = i , (4.44)
ai(P+1)/2|[P]> P <0
and for P = 0 by the quartet (denoted here as a lowest weight state)
06 4i-3.0) = {a 400 'y 00} (1.45)
2 2
As shown in appendix A, there are no other primary states, so that
7 A A 11
‘7:[P] = 9[0};0(0’0) D 9[0];%(_5’ 5)
D P 0)yad (P+o) 1 4.46
D2, »E0e grlr? 3| (4.46)
P#O [ ]7_ 4 [Ph* 1 +Z

4.3 Oscillator realization of the multipleton subsectors

Let us make contact with Dirac’s original oscillator realization of the sp(4) singletons. For
P # 0 we split the oscillators (@, a;,) (n € Z + P/2) into P-twisted non-zero modes with
[n| > (|P|41)/2 and zero modes with |n| < (|P| —1)/2. The zero modes can be assembled
into | P| sets of U(2)-covariant oscillators (b;(€),b*(€)), € =1,...,|P|, obeying

[Bi(€),7 ()] = 8], (4.47)
P>0: b(9[[P]) = 0, (4.48)
P<0 : b |P) = 0. (4.49)

This can be described geometrically in the complex plane as the conformal transformation
z = exp((/P), which maps the symplectic bosons to

_ [(dz 1/2 1 _me
1O = () w0 = g5 X Fa, (4.50)
‘ S\ 12 ne
10 = (%) @) = e ¥, (451)
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followed by a truncation to zero modes, defined by

1 n¢ — . 1 ¢ .
80 == Y e Fan, W0 == Y e Fa, (@452)
VP In|<(IP|-1)/2 VP In|<(IP|-1)/2
after which one identifies
bi() = b7 2mi€), b = bPi(2mic) . (4.53)
The zero modes yields a subspace of Fp] C .7?[ p] given by
{TIe, W(©IP)} for P >0,
Fip) =
{TIe,bi©IP) } for P <0
. ®|P|
~ (Flgn<P>> .,  P+#£0, (4.54)

where 1 denotes the standard Fock space and F~ the anti-Fock space of a U(2)-covariant
oscillator (b;,b%) obeying [b;, /] = 67. The latter is obtained by acting with b; on an anti-
vacuum |0)~ obeying b°|0)~ = 0. The algebra sp(4) is represented in F* by

JOU = by KO = b4 L6t = bib - Lo Jy) = bibj,  (4.55)
leading to the decompositions
+
FE =9 @@1/2 , (4.56)
where the scalar and spinor singletons and anti-singletons are realized as (m = 0,1/2)
OREE {gn ) ..gz‘2<n+m)|[1]>}f:0, = {b;, - Digiimy [ ]>}2°:0 ) (4.57)

The ground states |1/2,0)* and |1,1/2)} and |1,1/2); obey

Scalar: K®7;|11 0)F = +16i1 0)*, (4.58)
JPL0t =0,  JYL 0 = o, (4.59)
Spinor: KO7[1,5)F = & (365[L, 5)) +ell, 5)™) (4.60)
T =0,  JOUL LS = 0. (4.61)

Thus, for P # 0 the space F|p consists of all possible P-tupletons built from scalar as well
as spinor (anti-)singletons of sp(4) (we note that the permutation group Sp, which acts on
&, and the Virasoro generator Ly do not commute). For P = 0 we instead define

Fio) = D010(0,0) @9[0];%(—%, 3); (4.62)

which form a finite-dimensional reducible s0(2,3) representation space.
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Let us examine the cases P = +1 and P = 42 in more detail. In f[il] we find
the subspﬁqe f[il} generated by the zero modes (b;(1),b'(1)) = (a;p,a). Here, the KM
charges (JyY, K"}, Jijn) vanish for n > 0 and reduce to the oscillator representation ([£.53)
for n = 0, leading to an oscillator realization of the sp(4) singletons and anti-singletons of
the form given in ({£57). For P = 42, the zero modes

i . i p
bi(1) = ﬁ(az’,flﬂ —a;12), V(1) = —=(alyy — ), (4.63)
1 .
V2

}_.S
DD D

generate the subspaces Fi9 C f[iQ], that decompose into massless sp(4) representations
in accordance with (R.24). Diagonalizing Lg, one finds that

Fiag) = (D5 ©97,)%?, (4.65)

in agreement with ([.54) and (f.54). The ground states are given by

112); £m — 1;m + 1, m)* ™) = dil e ai;'f|[2]> , (4.66)
2 2
[=2];Em — 15 —m — 1,m)iam) = NSRS amm%![—% ; (4.67)
[21;-1;2,0) = eata’ | [[2]), (4.68)
2 72
[-2;=1;-2,0) = €’a_1a._1][-2]) . (4.69)
275 .7775

We note that all ground states are built from oscillators with the same Virasoro mode
numbers except the massless pseudo-scalar ground state, which we can also write as
I2]; =1;2,0) = €;JF K7, 1][2]; —1;1,0) in agreement with (B.6]). The KM charges
(jzj,Kij,n,Jij7n) with n > 1 vanish in Fj49. The ground states in Fiy

ten as strings of jfj charges acting on the scalar ground state |[2]) and the spinor ground

._ can be writ-
state @’ | /2|[2]>. On the other hand, jijl yields the massless higher-spin ground states in
F9);+ together with extra contributions involving oscillator non-zero modes that can be
cancelled by adding terms involving K* j,—1 of the form given in (B.34).

So far, the realization of the §0(2,3)_; /2 in terms of symplectic bosons supports the
claim made in (B.75), with the identification

Dip) = Fip) - (4.70)

Next, we wish to continue and analyze in more detail the fusion rules and locality properties
of the operator products using a free-field realization.

5. Free-field realization of the extended sp(4) model

In this section we use a free-field realization to analyze the fusion rules and locality prop-
erties of the operator algebra of the extended sp(4) model introduced in section f]. This
realization also provides a very simple implementation of the spectral flow Qp.
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5.1 Partial bosonization

To construct the sp(4)_; s2 model out of free fields one in principle needs to introduce
four real free bosons, (¢',0"), i = 1,2, in a space with signature (— — ++) and back-
ground charges (0,0,i/v/2,i/v/2). However, when it comes to describing the states of the
Fock spaces introduced in the previous section, it is more practical to work in a partially
bosonized picture analogous to that of the §p(2)_; , model worked out in B1]] (see also [Bq]).
Here, one retains the two time-like components ¢* (i = 1,2), defined by

PP W) ~ BTz —w), T, = 3(0595"). (5.1)

and replaces the two space-like bosons by two sets of Grassmann odd weight (0,1) fields
(¢,) (i = 1,2), defined by
5

§@m (w) ~ = ()e'(z) ~ ——,  Teo = (06 (5.2)

Giving these fields the following mode expansions

O (z)=q" —ip'lnz+i Z %z_" , (5.3)
n#0

) => 62" ) = > ma ", (5.4)
nez nez

the operator product expansions correspond to the commutation rules
[d ] = —is7,  [ap,,al] = —md8min0. A&} = 0Y0mino.  (5.5)
and the NS vacuum is the state obeying
Qhl0) = €0y = o) = 0 forn>0, (5.6)

where o = p', so that ¢'(2)[0), £'(2)|0) and 7%(2)|0) are regular and non-vanishing at
z = 0. For operators that do not depend on ¢, i.e. O(d¢', &%, n'), the normal ordering
: O : is defined via the standard prescription (), which is an associative and commutative
operation for free fields. The ordering of operators that also depend on ¢' is defined by
declaring that : ¢'O := ¢’ : O :. The total Virasoro generators are given by

L, = _% Z a;—main - Z mffn%—ma n#0, (57)
meZ meZ
Lo = —3p'p' = > ol ok + Y m (& + 0’ b)) (5.8)
m>0 m>0

and the total central charge ¢ =2 x 1+ 2 x (—2) = —2. The vertex operators

V= o) ep(—iNg) ;,  ex() = exp (%TEW> (5.9)
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have conformal weights hy = —%)\2, where A2 = X\, and create states carrying finite

momenta,
A) = e N0y, (P = AN = 0. (5.10)

The vertex operators obey the composition rule

VA(2)Va(w) = e2 "2 (2 =)™ < enpn (p)Va(2) Vi (w) : (5.11)
Reversing the order of the product and continuing analytically using w — z = e (z — w)
yields the following monodromy matrices,
VA(2)Vr (w) = My, Var(w)Va(2) (5.12)
ME,, = exp (im(e9 £ 59)ANT) (5.13)
The realization of the symplectic bosons now takes the form
ai = Va,n' =:on, (e REOLEEIY L (5.14)
i . i T ;
a' = V_y, 08 =:c_y, (p)e ¥ . a¢, (5.15)

where A\(jy = (1,0) and A3y = (0,1). The expansions (f.1¢) correspond to momenta in the
lattice

NeZ+p, i=1,2. (5.16)
The * map (f.30), which can be written as (a;(2))* = ia‘(z) and (a‘(2))* = ia;(z), requires
@) =¢'(z),  ('(2) = 0 (2) . (5.17)

The latter map can be implemented in the space of reduced states obeying

n|¥) =0 . (5.18)

Here, the * map and conjugations take the form®7
@) =d, (@) = —ah, @) = -ing, (€)= —n, (519
@) =q¢, () =-al,, ) = -0, (&) =¢&, (5.20)
@ =d. @) =d,, @) =g, () =-lr,. (G2

where n # 0 for the fermionic oscillators. In the realization (5.14), the sp(4)_; /o currents

read (cf. (L3)-(LG))

Jij = Vap+ag Xig =+ CA(i)+A(j)(p)€7iW+W) S Xig (5.22)
JY = V_)‘(i)_A(j)y(ij = c_,\(i)_/\(j)(p)ei(gourgof) XY (5.23)
Kij - VA(i)_)\(J‘)Xij — . CA(i)_)\(j)(p)ei(W’W) . Xij, (5.24)

1"We define (AB)™ = (=1)*8B" A" and (AB)! = (-1)*Z BT A,
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where

{awm, =] L {8%®8, i=j
) X" =

Xij = . - o o o
n'n’, i £ og i FJ
—idp" i=j
X'j=q0, =2 j=1. (5.25)

octn?,  i=1,j=2

We note that while the cocycle factors cy(p) play a non-trivial role in reproducing the
correct monodromy properties of the symplectic bosons (§.14) and (f.15), they do not
contribute phase factors to the operator product between the currents. Next, we shall turn
to the bosonization of the twist fields.

5.2 Singleton twist fields and their fusion rules

The singleton and anti-singleton states in F[4q correspond to a set of twist fields

(em) _ (e;m;0) m _
Y = {2[11];—1/4}£:_ma e = £(m+3), (5.26)

where m € Z>o and m € Z>o + 1/2 for scalar and spinor singletons, respectively, that
generate anti-periodic branch cuts in the symplectic bosons in accordance with ({.1§) for
P = +1. This requirement determines the twist fields, and one finds (cf. [RI]))

(m;0)

(Em=£1/2,m;¢)
iyl = V:F(m-i-f-i-%,m—ﬁ-i-%)ai ’ (5.27)
where
JSrm;Z) = (0€102EL . g (9E29%E2 - . o e?) (5.28)
o = (logt - o (PR - o ), (5.29)

with the convention that 9¢! - - - 9%t = 1 idem £2, ! and n?. Indeed, the conformal weights
hSE] = =4 since A [0 O] = m(m+1)+ €2 and b [elmEHD] = —L(m - 04-1)°.

[+1]
In particular, the products Jij(z)E&[,l_/f’/? (w), jij(z)Efil]/i’?}Ll(w) and Mg(Z)EEli].l_/fﬁl) (w),

where M3 = (K'; — K?23)/2, have trivial expansions, while

(£1/2,0) +£1/2 ((+1/2,0)
E(Z)E[i1};—1/4(w) ~ Z_wz[il];_lﬂ(w), (5.30)
where E = (K'; + K?3)/2. Similarly, 2&11]’,1_/?/2 (¢ = £1/2) correspond to the spinor

ground states. We note that the anti-periodicity of the branch cut, i.e.
a; (¥ )2 (w) = —a;(2)%
e

2)% S w), (5.31)
(
2

a' (e )0 (w) = —a' ()55 (w), (5.32)

for |z| > |w|, does not rely on the cocycle factor.
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Turning to the fusion rules in the |P < 1 sector, some of the simplest cases are

S w) ~ (2 =),
1/2,0 —-3/2,151
SRR W) ~ (= w2 w), (53

where the cocycle factors have been suppressed. More generally, for m + ¢ > m’ + ¢ and
m — € > m' — ¢ one finds that
7;@ ,/;gl o/ _ oy, P!
Efle}ﬁ1}4(z)zfiﬁb;—1)/4(w) ox (Z _ w)m m'+1/2 : (al)m—I—K m'—¢ (a2)m £—m'+£ . (w) (5‘34)
where the right-hand sides are descendants in the NS sector that can be written in terms of
undifferentiated currents. Related expansions hold for other relations among (m, £, m’, ¢').
Similarly, the products of twist fields from Dyy),_;,4(1/2,0) and and Dg),1/2(—1/2,1/2)

belong to C/i\)m —1/4(1,1/2); for example

)

»(1,1/2;1/2) (w) »(1,1/2,-1/2) (w)
=1 (1/2,0) [1];—1/4 _2 (1/2,0) [1];-1/4
a (2)2[1};71/4(?1}) ~ W s a (2)2[1};71/4(?1}) ~ (Z — w)1/2 (535)

Proceeding in this fashion, it is straightforward to verify the following fusion rules within
the |P| <1 sector:

Digy)(£3,0) X Digyy (F3,0) = Diy(0,0), (5.36)
Diay)(£1, 1) x Dy (F1,3) = D (0,0) (5.37)
D) (£3,0) X Djyy(F1,3) = Dy (-1, 3), (5.38)
35[j:1}(i§70) X 6[01(—%7%) = @[ﬂ}(iL ) (5.39)
@[il}(iL 3) ¥ @[0](—%7 3) = @[il}(i%70) ) (5.40)
Dig(—3, 1) x Dy (=1, 1) = D (0,0) (5.41)

where the conformal dimensions are suppressed. Next, let us examine how the product of

two singleton twist fields closes on a massless twist field.

5.3 Massless sector

The formal analysis in section [ implies that the product of two singleton twist fields in
the P = 1 sector closes on a twist field in the P = 2 sector, forming an affine version of
the Flato-Fronsdal formulae (2.22)-(R.24). As an example, let us consider the product of
two singleton ground-state twist fields:

(1/2,0) (1/2,0) 1 (1,0)
B 1a ) Sy 0) ~ s R () - (542)

As the notation indicates, the field

2(170) — 2(170§0)

21 = 2 = Ve ::67(171)62‘(@%@2) g (5.43)
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is the ground state of the affine massless scalar representation 5[2];,1(1, 0), obeying

ESEO () ~ — 509 (),

[2-1 z—w -1

My(2)8 (w) ~ 0, (5.44)
Jij, nEg]O) =0 forn>-2,

J”E&OEI =0 forn>2, (5.45)

in accordance with (f.40) — (£.43). Another illustrative example is

(2,1;0)
: Siaitg (W) Liel )0 0e10e20e2 %) (w)
(1/2,0) (3/2,1;0) [2];—2 1°C-(22)
E[1];71/4(2)2[1];71/4 (w) ~ (z — w)3/2 T (z — w)1/2 , (5.46)
where the leading term is given by
Eg]’;l—;oz) = 307(2,2)3513526%(“0%@2) . (5.47)
From the operator product expansions
2
B()S ) (w) ~ 53 (w)
My(2)2g 9 (w) ~ 0, (5.48)
2,1;0
J,]Ozfz} ) = 0, (5.49)

it follows that EE I 7’ 9 can be identified with the £ = 0 ground state of the massless vector

representation Dpy),_5(2, 1) defined in (B.27). The subleading term in (f.46) is an admixture

of Lflzg]’.l_’og) and J32Y[g._1(1,0). More generally, the twist fields Efi’?iinm f)

ing to the massless spin-m ground states of Q[iQ};_l_m(:I:m:I: 1,m) with minimal conformal

correspond-

weight h = —1—m, given in (B.3J), arise as the leading terms in the expansions of products
of arbitrary singleton-valued twist fields (these are standard composite massless represen-
tations of the sp(4) generated by Map o; see discussion below (B27)). The result is

+mt1,m;l m;l
EE:I:Q};—m—l) = Vim+e+1,m— z+1)U§E ) ) (5.50)

where Uim;f) and 0(_m;z) are defined in (5.2§) and (f.29), respectively. One can verify that
(p.50) agrees with (B.33) and enjoys the properties of a (£2)-twisted primary field, viz.

E(Z)E(imil,m;f) (w) ~ :t(m + 1) E(imil,m;z) (w),

.01
[£2];-m—1 o ClE2i-m-1 (5.51)
M. E(:I:m:l:lmﬁ) +/ E(:I:m:l:l,m;ﬁ) 5.59
3(2) g1 (W)~ By T (W), (5.52)
m+1,m;{
ToSigo)(z) = 0,
Jon e (z) = 0. (5.53)
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The fusions between P = 2 fields and P = —2 fields produce descendants either to the
identity or the quartet representation. For example we have that

Efgl}’?_)l(Z)Efizlff)_)l(w) ~ (2= w)?, (5.54)
S0 @ECAYE D W) ~ (2 - wfar(w), (5.55)
SIS0 W) ~ (2= w) T (w), (5.56)

where the symplectic boson a;(z) belongs to 5[0};1/2(—1/2, 1/2). Tt is also interesting to

examine the fusion between twist fields with P = 2 and P = —1. For instance,
S (IR aw) ~ (= 0B, (), (5.57)
S (S P )~ =202 — w2 S ) ), (5.58)
2GS ) ~ 6z - w)t(Jn ST () (5.59)

In summary, the free-field realization confirms the fusion rules (B.59) derived in section [
using spectral flow.

5.4 On massive sector and realization of spectral flow

In order to demonstrate how the spectral flow operation acts in the free field basis, let us

begin by looking more closely at the twist fields EEZ?ZL?ZWQ with |P| > 2 (0 = signP)

that minimize!® the conformal weight for a given spin m, namely

EEZL]?];::’/Z’WZ) = ng%) exp {z (U(m +0)+ g)gol + (o(m—10)+ g)gDQ)} ,  (5.60)
hipym = m(1 = |P|) — P?/4, (5.61)

where we have suppressed the cocycle factor. These fields obey !

(mo+P/2,m;L) N mo + P/2 (mo+P/2,m;0)
E()Zppy,, (W)~ =By () (5.62)
(mo+P/2,m;L) -~ +4 (mo+P/2,m;t)
Ms(2)S B (W)~ =S (w) (5.63)
TaoS(phrtmOz) =0, P>, (5.64)
717 (—m~+P/2,m;¢
Ty’ Efp];hlp]in ') =0, P<o, (5.65)

corresponding to massive ground states in @[P};h[P] (m+P/2,m) C D(p). We note that the

special twist fields Eg{, Z’SD)] W which realize P-twisted primary fields in the sense of (B.21)

B There also exist other massive fields in the model with higher conformal weights which will not be
considered here. The maximal conformal weight for a given spin m is given by h{p ,, = m(|P| —1) — P?/4.

9The detailed fusion rules between generic massive representations are complicated, although bound to
be of the form ()7 given the validity of composition and distribution rules in () and (B.49).
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and (B.29), obey conditions that are stronger than those in (5.64). We next expand the
twist fields in modes,

(e;m:0) _ (e.mif) by
E[P]%h[PLm(Z) N lEZZh: <E[P];h[PJ,m>l ® o (5.66)
—hip),m

where e = mo + P/2. The corresponding states,

(e,;m; Z) _ (e;m;€)

[Pl bipymi esms€) = T S(E00  (2)]0) = (S ) L0 e
thus describe singletons for |P| = 1, and massless as well as massive ground states with
minimal conformal weight for |P| > 1. Inserting the mode expansions of the free fields
yields (dropping a constant multiplicative factor)

|[P] h[P]mae m: £> _ X(mf) i[o(m+£0)+P/2)q! +i[o(m—£)+P/2]q> |0> (568)

where

l o4
O 51—1“‘51—m—6531“‘f?—ma X(_m ) = 771—1“‘77%—m—£77%1“‘77%+£—m - (5.69)
As expected, the o, oscillators drop out in the sector with minimal conformal weight. We
also note that the free-field momenta (p!,p?) = —(o(m + ¢) + P/2,0(m — {) + P/2) are
related to energy eigenvalues and spin projections by the simple formulas e = —(p! +p?)/2
and ¢ = —(p' — p?)/2. The twisted primary ground states |[P]) in (B.30) assume the

particularly simple form?°

[P]) = e'Z @ +|q), (5.70)

with momentum (p',p?) = (—P/2,—P/2) and conformal weight h = —p'p'/2 = —P?/4.
These states obey the conditions in ([.4()—(f.43) by construction, with the affine generators
realized in terms of the o, and (&, 7¢) oscillators. Thus, the spectral flow operation Qp
acts on states (kets) by multiplication with exp(iP(¢* + ¢?)/2). This operation changes
the energy eigenvalues and the conformal weights but clearly does not change the spin.

6. Conclusions and outlook

We have examined the §0(2, D —1) WZW model at the subcritical level k = —(D —3)/2. It
has a singular vector, given by (B.19), at Virasoro level 2 in the NS sector whose decoupling
induces a spectrum of KM twisted primary scalars ¥(p), P € Z, connected to the identity
by P units of spectral flow and forming an operator algebra with fusion rule Xjp; X ¥p =
Yp+p1- The decoupling, or the hyperlight-likeness condition (B-10), constitutes an affine
extension of the equation of motion of the (D + 1)-dimensional conformal particle, i.e. the

The dual states (0] = (|0))" obey (0]0) = 1, which induces the inner product ([P']|[P]) = dp4p’ .0,
consistent with the definition in (B.57). The states given in ( have dual representations given by
([P); hipyms €. mi €] = (|[P); hipyms €,m; €)1
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scalar singleton. For P # 0, the KM module built on Xp; contains a unitary subspace
of representations in the tensor product of |P| singletons or anti-singletons for P > 0 and
P < 0, respectively. In the special case D = 4, we have shown that the spinor singleton
and its composites also solve the decoupling condition (B.1()). Moreover, in this case, by
exploiting the isomorphism s0(2, 3) ~ sp(4), we have considered the sp(4)_y/, WZW model
admitting a realization in terms of 4 real-symplectic bosons, containing both scalar and
spinor singletons together with their composites. A bosonization procedure leading to a
free-field model has allowed us in particular to compute the fusion rules explicitly for |P| < 2
and compare with the predictions obtained by spectral flow arguments. We indeed find
an agreement. These results provide an embedding of the Flato-Frgnsdal compositeness
theorem, stating that massless fields are made up from singletons in AdS, in a conformal
field theory setting.

The massless sector P = 2 is particularly interesting for the purpose of making contact
with higher-spin gauge theory. Asnoted below (f.34), the product between a singleton twist
field and an anti-singleton twist field generates an element in the space A = Env(sp(4))/Z,
where 7 is the ideal generated by the singular vacuum vector V4p defined in (R.1(). The
space A, which is an associative algebra, plays an important role in higher-spin gauge
theory. In fact, higher-spin master fields are differential forms taking values in various
subspaces of A. In particular, the elements in A that are odd under the anti-automorphism
7 define the higher-spin algebra hs(4) ~ hoy(4,2). It would be interesting to spell out the
exact relation between the higher-spin algebra and the affine algebra.

Another interesting observation deserving further investigation is related to the mod-
ular invariance of the theory and to the locality of the operator algebra. In fact, since
Y[p) are scalar particles, the corresponding vertex operators should have a local operator
product with Grassmann even statistics, i.e. the monodromy matrix (f.13) should be equal
to 1 for A = (P/2,P/2) and N = (P'/2,P’/2). This would imply that P € 2Z. More
generally, excited states in the P-twisted sector, created by N symplectic bosons, carry
tensorial representations of Sp(4) for N even and spinorial representations for N odd. The
locality properties of the operator product correspond to appropriate Grassmann statistics
for P, N € 27Z. Interestingly, for these values also the conformal weight becomes an integer,
which assures invariance under the modular transformation T without the need to include
an anti-holomorphic sector. It would be interesting to perform a complete analysis of the
locality of the vertex operator algebra.

We would also like to comment on similar realizations in terms of symplectic spinor
bosons in D = 5 and D = 7. We expect these models to provide affine (massive) extensions
of the massless models constructed in [BY, B7]. Here, degeneracies among the states are
lifted by internal gauge symmetries, based on U(1) and SU(2), respectively, in D =5 and
D = 7. In fact, as shown in [[§], the affine extension is critical in D = 7 (where it is related
by triality to a critical Sp(2) gauged model based on symplectic vector bosons). Studying
these explicit realizations would be particularly interesting since, in principle, for special
values of D extra singular vacuum vectors could appear, pointing to striking differences
among models with different values of D. An example of this behavior in D = 7 will be
discussed in a forthcoming paper [2(].
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In [R]], we will be mainly concerned with the gaugings of the s0(2,D — 1)_,, WZW
model. In fact, we expect that the gauging of a proper subalgebra  C g, such as that in
(1.3), would remove all (or almost all) of the non-zero mode excitations in the spectrum.
We would then be left with a topological model containing in its spectrum scalar (and, in
D = 4, spinor) (anti)singletons as well as all of their composites. The gauging, however,
would not necessarily remove all non-unitary states. In particular, in D = 4 the non-unitary

1/2
this representation, along with other representations with the wrong space-time statistics,

anti-spinor singleton zero-mode representation ©7,, would survive. The truncation of
should be controlled by a GSO-like projection. We expect the resulting GSO-projected
gauged WZW model to be unitary and to consist of scalar singleton and anti-singleton
representations together with all of their tensor products.

Finally, we would like to say a few words on how a proper gauging of the WZW models
discussed in this paper could fit in a bigger picture hopefully providing an alternative
approach to string quantization in AdS spacetime. As mentioned in the Introduction, an
alternative to the conventional interpretation of the target space as a space-time manifold
is to regard it as an internal fiber [1]. The WZW model would then be thought of as a
device to realize the internal symmetry algebra, together with a star product and a trace
operation. The spacetime would appear only upon the operation of unfolding [[[J]. A crucial
test of this idea would then be to set the issue whether unfolding could be implemented
consistently in conjunction with the WZW model and, if so, whether the correct free space-
time field equations [E1] for the fields in the model could be reproduced. Our work is a at
very preliminary stage and the understanding of these issues is left for future work.
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A. Decomposition formulae for P = 0,1

In this appendix we shall derive the decomposition (§.4() of the P-twisted oscillator Fock

spaces Fp] into irreps 5[1:](60, 50) of §0(2,3)_1/2. The decompositions for different values
of P are related by spectral flow, which means that it suffices to show (f.46) for one value
of P. In this appendix we shall do this for P = 1 and P = 0 using oscillator methods
(without resorting to spectral flow), viewing one of the cases as a check of the spectral flow
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formalism. In general, the Fock spaces factorize

o~

~ 1 ~(2
where FA(Z)

[P]

50(2,3)_1/ irreps decompose in a corresponding way under §0(2,3)_1/ — @(2)(3/2 @

5/]3(2)(72% Jo» Where the affine sp(2) currents are given in ({.14). Thus, in order to decompose
(i)

]?[P] under 50(2, 3)_1/2 we can first decompose ]/3[(123)] under 5/}3(2)_1/2 and then examine the

generated by the action of a’(z) and a;(z) on |[P]) for fixed i = 1,2. The

action of the off-diagonal §6(2,3)_; /2 currents on the tensor product.

Case P=1

(@)

Sy @S

Lemma 1. For fixed i, the Fock space .7?[%) decomposes under sp(2)
i = D e D @) (42

where @Ea (j) are built on the two metaplectic representations ®(j) of sp(2) with j =
1/4,3/4,

JHH® =0 forn>1, (A.3)
(J3 = jon0)| )P =0 forn>0, (A.4)
Jo® =0 forn>-1. (A.5)

We note that ©(1/4) and ©(3/4) are isomorphic to the even and odd states, respectively, of
the Fock space of a single oscillator (in ([A.5), the J—; condition removes a singular vector
that is identically zero in the oscillator realization).

n o rTn

Lemma 2. The off-diagonal 5/}3(4)_1/2 charges {J!2, K!?, K2! J'2} act on tensor prod-
ucts as follows:

DG @D ()~ D1 - @D -4 . (A.6)

~

. ~(1 . .
Dy(3,0) = [qu)(%) ®@f12})(%)} S [9&)(%) ®@f12})(%)] , (A7)

)] : (A.8)

=

. ~1 ~2 . .
Dyl 3) = [qu)(i) ®@f1})(%)} S [9&)(%) ®@f12})(

We note that the ground state of ’}5[1](%, 0) is given by [1/4)M) © [1/4)?) while |3/4)) ®
3/0@ = J21/40 & 1/4@),

Combining Lemmas 1 and 2 with the factoring formula (A.l]) we conclude that ]/:"[1]
decomposes into the direct sum of ([A.7) and ([A.§), as stated in ({.4q) for P = 1.
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Derivation of Lemma 1: To simplify the notation, let us drop the (7) superscripts and
define (@, a,) = (al, a;,) and F = .7:[(1@}). We decompose F into Virasoro levels,

F-@F. (Lo—t+H% = 0. (4.9)
=0

We seek the decomposition into irreducible §p(2)_; /2 representations,

.7'/: = @56(])’ (A.lO)
4,5

where D,(j) is built on the ground state |¢;5) at level £ with sp(2) spin j. There are two
ground states at level 0, namely

055 =111,  10;3) = aoll1]) . (A11)
Let us define

M = Do(1) ® Do

i[9

) = PM., (A.12)
4

and consider the spaces O, = Fy / M,. By definition, D ¢(j) does not contain any singular
vectors, so that if |¢) is a ground state at level £ > 1, then |¢) € @g. Thus, if dim @g = 0 for
£ > 1 then there are no ground states for £ > 1. Conversely, if there are no ground states
for £ > 1 then dim /Q\g = 0 for £ > 1 (since the first occurrence of dim @g > (0 would be tied
to the existence of such a ground state). Hence, dim /Q\g =0 for £ > 1 is equivalent to that
there are no ground states for £ > 1. This can be checked explicitly for ¢ < 3 (either by
showing there are no ground states or by simply rearranging oscillator excitations into the
form of KM descendants in /\//T) We proceed by induction. A state |[¢; N) € Fy with fixed
affine sp(2) spin, say (J§ — & — 1)|4; N) = 0 (N € Z), can be expanded as

16; N) = > Ay gny [ a=m [ [ a=nlN'), (A.13)
{m}, {n} i "
Sm+>Y n="¢
N=N-% 1+31>0

where Agy rny are constants, {m} and {n} are sets of positive integers, and |[N') =
(ag)™'|[1]) belong to D(1/4) and D(3/4) for N’ even and odd, respectively. In each mono-
mial, at least one m or n must be positive. Suppose m > 0. By the induction assumption,
the monomial can then be rewritten as a—m > ¢ oy [1x.a J.|N") where k are positive in-
tegers and N” is fixed by spin conservation. By moving the KM charges to the left, the
monomial can be rearranged into a_, and a_, excitations plus descendants in M\g. An
analogous statement holds if n > 0. Thus,

|t; N) = Aa_¢y|N — 1) + Ba_¢y|N + 1) + |¢; N;desc) , |¢; N;desc) € My, (A.14)

,36,



where A and B are constants (we note that this shows that dim 9, < 2), so that
dim Qy = 0 if

JYGEN) =0 = A =B =0. (A.15)
We note that the absence of singular vectors in M, assures that for fixed A and B the
constraint J{*|¢; N) = 0 has a unique solution for |N,¢;desc) (which may of course be

trivial), since if |N,¢;desc)’ is another solution then J(|N,¢;desc) — |N,¢;desc)’) = 0
implies |N, ¢; desc) — |N, £;desc)’ = 0. We now expand

)4
N, £;desc) = > N, ¢ (k)), (A.16)
k=2

where |N,¢; (k)) is k’th order in oscillators (a_y,a_,) with n > 1. The strategy is to
work order by order in k£ and arrive at some finite order at A = B = 0 as a compatibility
condition. Canceling the linear terms in the J;" and J; conditions yields

A
‘N, ; (2)> = —Bd,g+1a_1’N> — Na,g+1(l_1’N> . (Al?)

Canceling the linear terms in the J; condition then yields the compatibility condition
A+ NB=0. (A.18)

In the next order one finds

A _ _
’N,g; (3)> = Na,ngza_la_l]N — 1> + N+ 1a,g+2a_1a_1]N + 1> s (A.19)
and the compatibility conditions (for ¢ > 3)
N -1 1
A—-NB = —A = —DB = A2
0, 0. 7B =0 (A.20)

implying A = B = 0, which completes the proof of Lemma 1.
Case P = 0. The analysis parallels that of P = 1. Let us assume the decomposition

A() DD 0y @D

with sp(2 )( )1/2 ground states given by the singlet |[0]) and the doublet (al;l/2| [0]), 61;1/2“0]))
(fixed ), with lowest sp(2)®) spins j = 0 and j = —1/2, respectively. The off-diagonal
sp(4)_, /2 charges then act on tensor products as follows

Dl () © D (1) = Dig) (=5 =) © DG (=5 ) . (A.22)

implying that sp(4)_; /2 acts irreducibly on

D (0,0) = [95) 0 2 D[ (0)] @ |2 (-3 @ D{(-1)] . (A.23)
By(1,4) = [ol) @0 (-] e [o5)-h e ol 0)] . (A.24)
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Combined with the factoring formula (A1), this yields (f.4€) for P = 0. Finally, to derive
(IA.21)) we decompose into Virasoro levels ¢ € {0, %, 1, %, ... }. The first two levels contain
the ground states, and there are no new ground states at levels £ = 1 and ¢ = 3/2. We
proceed by induction on ¢, treating ¢ € Z + 1/2 and ¢ € Z as separate cases. The steps are
similar to those for P = 1. For example, in case ¢ € Z + 1/2, the induction assumption
implies [£) = (Aa—y + Ba—¢)|0) + |¢; desc) where |[(;desc) = ) ;o |6 (2k + 1)) € ’}5[0}(—%).
The JfE conditions then yield

16:(3)) = (=Aa_rs1(a_yy2)® + Ba—rs1(a_y2)*)0), (A.25)
which is annihilated by J} to lowest order in oscillators only for A = B = 0 (for £ > 3/2).
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